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6 Transport in an n-channel Strained Silicon Device

6.1 Abstract

Previous chapters have stressed the importance of silicon-germanium in terms

of improving the mobility of holes in semiconductor materials. However, it is also

important to study the characteristics of electron gases in strained silicon-germanium

heterostructures if both n- and p-channel devices are to be integrated. The physics of

2-dimensional electronic systems is also simpler and more fully understood in some

respects than it is for holes. Additionally, the mobility of electrons is generally better

than that of holes, in a given system, so transport in a more metallic regime can be

investigated and classical magnetoresistance is more easily analyzed.

6.2 Introduction

Pure, unstrained silicon has 6 conduction band minima. Tensile strain

(perpendicular to the growth direction, as occurs when pure silicon is grown on relaxed

silicon-germanium alloy) causes the two minima in the growth direction to lie at a

lower energy than the four minima in the plane. This greatly reduces intervalley

scattering.1

Since the structure of the device (Figure 6.1) is "normal" the heterointerface at

which the 2DEG is defined should be of high quality, the electron channel should have

a high mobility.2 Quantum effects which rely on disorder and impurities (for example,

weak localization) should not visibly influence the transport.

6.3 Structure

The structure of the n-channel device is shown in Figure 6.1. It was grown by

Gas Source Molecular Beam Epitaxy at Imperial College, by R. Ferguson. The dopant

layer is above the active channel making this a "normal" structure and so there is no

gate and the electron concentration is not variable.
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Figure 6.1 The structure of the n-type device. There is a thick, graded layer
followed by an alloy buffer layer. There is heavy n-type doping above the
active channel and there is no gate.
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The active channel of pure silicon was grown on a "virtual substrate" of relaxed

Si0.75Ge0.25 and capped by the same material, causing it to be under tensile strain and

creating a quantum well for electrons. (This is in contrast with the p-channel devices

considered in Chapters 5 and 7, in which the active Si1-xGex channels are

pseudomorphically grown on pure silicon leading them to compressively strained,

forming quantum wells for holes.)

Calculations for this heterostructure yield a band gap in the active channel of

0.90eV (compared to 1.17eV for unstrained silicon or 1.09eV for the unstrained

Si0.75Ge0.25 alloy) and an effective mass for the electrons in the two ∆ out-of-plane

minima of 0.199me. The conduction band offset between the active channel and its

surrounding layers is 250meV and the valence band is 60meV lower in the active

channel making this a Type II structure. The splitting between the in-plane and

out-of-plane conduction band minima is 200meV. 3

Calculations similar to those described for a p-type system in Equation 3.1 and

Figure 3.1 suggest that the sheet carrier concentration of electrons in the active channel

(at the upper heterointerface) will be ~1012cm-2 at T
�

T F ; for this sheet density and

effective mass (and taking into account the double valley degeneracy) the Fermi

temperature will be ~70K.

6.4 Classical Magnetoresistance and Mobility Spectrum Analysis

Data for the variation of resistivity with magnetic field, at various temperatures,

are shown in Figures 6.2 to 6.4. Chapter 4 describes both the utility of measurements

of magnetoresistance in the classical regime and the problems associated with their

interpretation. Equations 4.10 and 4.11 show how elements of the conductivity tensor
�� ���� B � can be found in terms of the function s(µ) (Equation 4.12) through integral

transformation. (Equations 4.13 and 4.14 relate �� ���� B � to the more usually measured

quantities of the longitudinal resistivity ρ(B) and the Hall coefficient RH(B).)
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Figure 6.2 Magnetoresistance at 294K. It is clear from the gradient of the ρXY

data that the Hall coefficient is decreasing as magnetic field increases.
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Figure 6.3 Magnetoresistance at 91K. The scales of the vertical axes has
changed from Figure 6.2, but the forms of the curves are similar.
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Figure 6.4 Magnetoresistance at 26K. The Hall coefficient is effectively
constant with respect to magnetic field. For fields up to 4T, there is little
longitudinal magnetoresistance: this corresponds to the limit of ��� C � kB T .
Eventually, as temperature decreases, Shubnikov-de Haas oscillations will
appear.
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This function s(µ) is known as the mobility spectrum. This gives the

contribution to the conductivity of the system due to carriers with mobility µ. It is

assumed in this investigation that this function does not change with magnetic field; this

will not be true when ��� c � kBT (Landau levels are formed) or when the carriers

become weakly localized since both these conditions involve magnetic-field dependent

mobility. Under this assumption, magnetoresistance is always positive; negative

magnetoresistance can be analyzed using the assumption of a magnetic-field

dependence of the mobility.4 Significant intersubband scattering can also invalidate this

method.5

To find the magnetoresistance given a form for the mobility spectrum is

straightforward. Finding the mobility spectrum from magnetoresistance data, however,

is an inverse transform problem and therefore more difficult and the subject of much

investigation.6,7,8,9,10,11 Some of these approaches will now be briefly reviewed, before

considering the method of maximum entropy in more detail.

(i) Reference 6, which first introduced the concept of the mobility spectrum,

involves a mathematically complicated solution method, the numerical details of which

will not be explored. The number of data points used to create a solution is equal to the

number of distinct carriers gases within the sample, plus one. The solution method may

either proceed by searching for an imposed number of carrier gases or be free to start

by attempting a fit for a single gas, and then a two-gas system, and so on. For each

search for n gases, the method must try each combination of n+1 data points from the

whole data set, keeping the sets which lead to "physical" solutions, and from these sets

generate an "envelope function" within which the mobility spectrum is found.

Once a set of carrier gases has been found, a least-squares fit on the original

data is performed with the carrier gas parameters as variables. If this fit is satisfactory

and the parameters emerge virtually unscathed then the results of the original analysis

can be considered reasonable.

If only a limited number of data points (~10) are available and the system is
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expected to contain only two or three distinct carrier gases, then this method is quite

efficient. However, the data collected in this part of the investigation generally

comprises resistivity data at about 500 magnetic field values and the system simply

cannot cope; to choose points or create averaged data by hand is to impose artificial

constraints on the final solution. Also, this method does not respond well to errors in

the experimental data.11

(ii) Reference 7 introduces and describes the Reduced Conductivity Tensor method

for extracting the carrier concentration and mobility of each component of a multilayer

semiconductor system. Assumptions are made that the carrier gases are essentially

degenerate and that the effective mass is isotropic, but nevertheless, agreement

between theory and experiment is good.

(iii) In Reference 8, it is assumed that the mobility for a mixed scattering can be

approximated by the phenomenological expression:

�����
0 x
�

where x � E
kBT

6.1

and that the mobility spectrum of non-degenerate carriers in a spherical band can be

approximated by:

s
� ��� � S0 e� x � 	 
 x

� ��� 2.5 6.2

where S0, µ0 and α are coefficients depending on the density of states and on the

parameters of all the scattering mechanisms. Then, the integration over the whole

mobility spectrum in Equations 4.10 and 4.11 is converted to summation of discrete

spectra for electrons and holes and an iterative transformation procedure is performed.

The results are decomposed into high-mobility carrier and low-mobility carrier

contributions, the division chosen arbitrarily, with results for the former seeming much

more satisfactory than results for the latter.
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(iv) References 9 and 10 describe the "quantitative mobili ty spectrum technique"

(QMSA) and the "improved quantitative mobili ty spectrum technique" (i-QMSA)

respectively. These, again, are iterative techniques but with no initial assumption about

the solution (although the method from Reference 6 is used to create the first trial

solution to iterate, and conductivity data is extrapolated to higher magnetic field values

to extend the available mobili ty range). The i-QMSA method introduces a few extra

tricks for improving the fits whilst smoothing the spectra and making them more

physically reasonable.

A serious issue (regarding inverse transformation problems in general) is that

while a particular spectrum s(µ) may, upon the action of an integral transform over the

"kernel function" K(B,µ), produce a magnetoconductivity σ(B), the inverse problem is

ill -conditioned and the solution obtained for s(µ) by inverting the kernel is extremely

sensitive to small changes or errors in the σ(B) data. Also, a particular s(µ) is not a

unique solution, within the uncertainty bounds of the original noisy and incomplete

σ(B) data.

6.4.1 Maximum Entropy Method of Mobility Spectrum Analysis

The technique of "Maximum Entropy" has been employed to solve this and

other problems involving inverse integral transformation where the result is a positive,

additive function.11,12,13,14 Generally, if two solutions (found by any means) are of equal

merit (in terms of, for example, their least-squares fits to the original results) then the

solution with the larger entropy is to be favoured, since it is maximally noncommittal

with regard to missing (unmeasured) information in the original data.11,15 In other

words, the solution favoured by the maximum entropy method extracts the most

information out of the original data without making unreasonable assumptions about

information which is unavailable.

This method embodies Bayes' theorem: the probabili ty of a particular

hypothesis given some data (and any background assumptions) is proportional to the

probabili ty of that data given the hypothesis and the assumptions and the probabili ty of
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the hypothesis given the assumptions alone.12

The entropy S of a discrete mobility spectrum {s} can be defined as:11

S � s j� �����
j � 1

n

p j ln p j 6.3

p j � s j�
0

6.4

where pj is the probability of sj and σ0 is the conductivity at zero magnetic field. This

imposes the condition that the mobility spectrum is non-negative and normalizable,

which is physically realistic. However, if any prior information about the form of the

spectrum is available then this may be incorporated as a so-called default model

{m}:13,14

S � s 	 ��� �
j � 1

n

p j ln 
 p j � m j � 6.5

Fitting is now a matter of minimizing the function Q:14

Q ��
 2 ��� S 6.6

where 
 2 � �
i

� � � B i 	 � � c � B i 	 	 2 � � i
2 ; σc(B) is magnetoconductivity calculated from the

fitting mobility spectrum, � 2 gives a measure of the error in the data (this parameter is

conventionally referred to as σ2 but here is renamed to avoid confusion with

conductivity) and α is a hyper-parameter which controls the relative importance of the

least-squares and entropic constraints.14 Full technical details are given in Reference 13

and Chapter 5 of Reference 14. Equation 6.6 can be meaningfully compared to the free

energy, F � E � TS , which is often to be minimised to find the solution in

thermodynamic or statistical-mechanic systems.18
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There are various flavours of the maximum entropy method, which differ in the

way in which they approach the hyper-parameter α. In the case of Historic maximum

entropy, α is set so that at the minimum of Q (Equation 6.6) � 2 � M where M is the

number of "observations" or data points. In the case of Classic maximum entropy, the

most probable value of α is found, given the data and the default model.16,17

Alternatively, the method described in Reference 18 does not use Bayesian inference

but treats the maximization of the entropy as a natural starting-point for derivations of

other results of statistical mechanics.

The approach of Bryan's algorithm is to calculate solutions for a range of α

values and evaluate the probabili ty of each being correct given the data and the default

model. These solutions are then averaged, weighted by their probabili ties.14 However,

this method does not work very well if α is very small: in the method developed in

Reference 14 a solution produced by Bryan's algorithm maximum entropy is used as

the default model for the next solution. This procedure is repeated until the the most

probable solution corresponds to an α value well within the range of applicabili ty of

Bryan's algorithm.

Since the integral transform from s(µ) to σσσσ(B) actually involves two integral

equations (Equations 4.11 and 4.12) then we work with11

��� B � � � XX
� B � � � XY

� B � � ∫� �
� �

1 �
	 B

1 �
	 2 B2
s � 	�� d 	 6.7

and since the forms for s(µ) and σ(B) are discrete, then Equation 6.7 can be rewritten
�

i
� K ij s j . The mobili ty spectrum may be computed as:

s j
� K ji

� 1 �
i 6.8

Sincethe magnetoconductivity σ(Bi) is relatively insensitive to the details of the
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mobili ty spectrum s(µj) then the kernel contains a large amount of repeated

information; many of the linear equations described by the kernel will be (almost)

identical.14 In addition, elements of the kernel matrix which are dominated by small

signal noise or computational rounding errors will invert to very large values which will

be overpowering in Equation 6.8. If the kernel is an M×N matrix written as

K � U W V T with U an M×N column-orthogonal matrix, W as an N×N diagonal

matrix with nonnegative values (the "singular values") and VT the transpose of an

orthogonal N×N matrix V, then the inverse of the kernel can be written as

K
�� �� 1

� V W
�� �� 1 U T .18

If one of the elements of W is zero then the corresponding element of W-1 will

be infinite and the matrix will be singular. However, by invoking the concepts of

nullspace and range for singular matrices an element of W-1 is set to zero if the

corresponding element of W is zero (or smaller than some set noise floor). This

technique of singular value decomposition effectively reduces the dimension of the

spacethat must be searched for a solution and discards noise which would corrupt the

solution. It is therefore a very important feature of the following analysis. A widely

available algorithm for performing singular value decomposition in the C programming

language is svdcmp, from Numerical Recipes.18

A simple, powerful and successful maximum-entropy method for finding a

mobili ty spectrum is described in Reference 11, based on the method of Reference 15.

The described procedure does not, however, use singular value decomposition to

remove overspecification and noise and so the calculation time increases with the

square of the product of the number of mobili ty and magnetic field points, (NM)2; nor

does it make explicit a hyper-parameter (α in Equation 6.6) which controls the relative

importanceof a result which fits the original data versus a result with the maximum the

entropy or deal with error in the data in an obvious way.

In the Bryan's Algorithm Mobili ty Spectrum method described below, the

calculation time scales as NnM where n falls from unity to around 0.7 as N increases.
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This is a direct result of the singular value decomposition; the time to perform this

scales as N2M but tests and calculations suggest that the number of input points would

have to exceed tens of thousands before the SVD was taking as long to perform as the

actual maximum entropy inversion. For input data at 500magnetic field values, and an

output spectrum of 1000points, the BAMS result is produced in 7 hours on a Solaris

360MHz Ultra SPARC-II i or 3 hours on a 450MHz Pentium III running Linux.

6.4.2 " Bryan's Algorithm Mobilit y Spectrum" Results

In Chapter 5 of Reference 14, the techniques of singular value decomposition

and iterated Bryan's algorithm maximum entropy are employed to extract a spectral

function (related to the density of states) from a static correlation function. The

computer code used to perform this task was written by J. P. Hague and then modified

in collaboration with the Author to extract a mobili ty spectrum from

magnetoconductivity data.

Mobili ty spectra produced by application of this method are shown in Figures

6.5, 6.6 and 6.7. Summaries of the mobili ties and sheet densities found from these

spectra are shown in Figures 6.8 and 6.9 along with values obtained by simple

application of Equations 4.7 and 4.9 at low (±0.5T) and high (±10T) magnetic fields.

The manner in which these results have been extracted from the spectra will be

explained in the following section. Results for 4.5K, 1.5K and 0.35K are not shown;

the 4.5K result is discussed below, the 1.5K and 0.35K result agreeon a mobili ty of

23,000cm2V-1s-1 at a sheet density of 9.0×1011cm-2.

Figure 6.10 shows how the 2DEG and dopant layer contribute to the overall

resistivity of the device, as a function of temperature. It can be seen that, since the

resistivity of the dopant layer is several times larger than that of the the 2DEG, it

makes little contribution even at high temperatures. The temperature dependenceof the

resistivity of the 2DEG is the subject of section 6.4.
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Figure 6.5 Mobility spectrum results produced using maximum entropy
analysis. The temperature is shown on each plot. In five of the spectra there
are two peaks; the lower mobility peak is ascribed to conduction in the
arsenic dopant slab, the higher mobility peak to the 2-dimensional electron
gas itself, in the strained silicon active channel. The mobility of the 2DEG
peak generally increases as temperature decreases. The third peak in the
130K results will be discussed in the text. The vertical scale in each case is
irrelevant: it is the area under each peak that is of importance, not their
heights.



Transport in Silicon-Germanium Heterostructures Daniel Chrastina

126

Figure 6.6 (continuation from Figure 6.5) As temperature decreases further,
the mobility of the 2DEG peak continues to increase while the dopant slab
peak diminishes.
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Figure 6.7 (continuation from Figure 6.6 but with an extended x-axis scale)
The 2DEG peak reaches a high mobility, and only faint vestiges and artifacts
remain in the rest of the spectrum. The exception is the 4.5K result, which
features a significant peak in the "negative mobility" region. If this were
genuine (see text) it would signify high-quality p-type conduction. Data used
for these low-temperature results were limited to lower magnetic fields so as
to avoid the Shubnikov-de Haas regime.
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Figure 6.8 A summary of results extracted from magnetoresistance
measurements. The mobilities of the two main peaks in the spectra are shown
(ascribed to the 2DEG and the dopant) as are the effective sheet densities
obtained by their integration. Mobilities and sheet densities measured directly
using assumption of the single-carrier Hall effect at low magnetic field are
also shown. At low temperatures, the low-field Hall effect gives the correct
2DEG parameters; at high temperatures where there is parallel conduction
there is a slight discrepancy. The mobility spectrum analysis yields
unphysically high sheet densities for the 2DEG at high temperatures.
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Figure 6.9 A summary of results extracted from magnetoresistance
measurements. Mobilities and sheet densities measured directly using
assumption of the single-carrier Hall effect at low magnetic field (where
Equations 4.15, 4.17 and 4.18 should apply) and at high magnetic field
(where 4.16 should apply, not applicable in the quantum limit) are shown,
alongside results from the derived analyses of the spectrum, Equations 6.17,
6.18, 6.20 and 6.21. The calculated drift mobility should not be larger than the
measured high field value: this is another sign that something may be wrong.
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Figure 6.10 Dependence on temperature of the resistivity of the n-type
device; directly measured data (at 150nA) is the solid line, symbols are
results from mobility spectrum analysis. The Fermi temperature of the
electron gas (calculated from its zero-temperature carrier concentration) is
70K, and it can be seen the the resistance is changing dramatically in this
region. As the temperature decreases to a few Kelvin, the resistivity
saturates. Freeze-out of the dopant layer can clearly be seen.
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The Dopant Layer

The carrier concentration n0 in the dopant layer as a function of temperature

is:19

n0

�
N A � n0 ��

N D � N A � n0 �
��� N C exp( � ED

kB T ) n0 � N C 6.9

where ND and NA are the concentrations of donors and acceptors, NC is the effective

density of states in the conduction band and β is the degeneracy. NC is given by:20

N C � 2[2 	 m* kB T

h2 ]
3 
 2

6.10

If the T3/2 dependence of NC (and the temperature variation of the width of the

ionized region of the dopant layer) is assumed to be much less important than the

exponential temperature dependence in Equation 6.9, n0 � N D and N D � N A (as is

likely since the concentrations used in modulation doping are very high compared to

traditional device doping levels)20 then Equation 6.9 reduces to:

n0 � AT 3 
 4exp(� ED

2 kB T ) 6.11

The temperature dependence of the sheet carrier density of the dopant layer

(the red circles in Figure 6.8) in the region of 60-100K* suggests an activation energy

of the arsenic donors of the order of the accepted value in pure silicon of 54meV,21 but

since only a few data points are available a rigorous analysis is not possible. Since the

dopant slab is only significantly ionized in the region nearest the active channel at these

temperatures,22 this analysis cannot necessarily be used to infer the donor

* Data between 100K and 300K does not fit Equation 6.11 and cannot be used, for reasons which will

be explored in the remainder of this chapter.
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concentration.

The 2-Dimensional Electron Gas

Some variation of sheet density with temperature of the 2DEG is to be

expected:11 when T � T F  the Fermi level is pinned in the dopant slab and the occupied

quantum-well subband, similar to the case for p-type conduction shown in Figure 3.1.

The charge density in the channel must be consistent with the gradient of the energy

bands between the channel and the dopant slab (as discussed in section 6.3). At higher

temperatures, the spreading of the Fermi occupation function means that the

conduction band does not need to cross below the Fermi level to be significantly

populated. However, such a large increase in 2DEG density as temperature increases

may be a cause for some concern, and will be discussed in sections 6.5 and 6.8.2.

In strained sili con, the conduction band minimum is doubly degenerate. These

two conduction valleys have identical mobili ties and occupation densities, so in each

case the 2DEG peak in the mobili ty spectra represents both sets of electrons. However,

the density according to Shubnikov-de Haas oscill ations will be half this, as will be

seen.

"Mirror" Peaks

A very strong peak can be seen in the 4.5K spectrum, at a mobili ty of around

-14,000cm2V-1s-1. The effective sheet density of this peak is (-)3.4×1011cm-2. This

compares to the 2DEG peak, which has a mobili ty of 22,000cm2V-1s-1 at 6.8×1011cm-2.

It can be seen immediately that this density for the 2DEG is too low (there is no reason

for it to deviate from its value at other low temperatures of 9.0×1011cm-2) and that the

missing conductivity is provided by the "mirror peak" which would, if it were genuine,

represent p-type conduction. Spectra at 130K and 99K show very small peaks at low,

negative mobili ties; at other temperatures, similar peaks are present but with areas (that

is, effective sheet densities) between two and four orders of magnitude lower than the

genuine peaks. In fact, such very small mirror peaks result even from synthetic data
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generated to test the software.

Mirror peaks (normally at exactly the opposite mobility value, unlike the peak

seen in the 4.5K spectrum) are a general feature of mobility spectrum analysis, and

have been described either as a computational artefact, a sign of band anisotropy or a

result of inaccuracies in the measurement or processing of the ρXX signal.10,11,23 Only the

first suggestion is consistent with mirror peaks even being present in spectra generated

from synthetic data, but Reference 23 notes that they are a feature of analysis

performed with different computational methods. Consider a mobility spectrum similar

to the 4.5K result, with a well-defined and sharp real peak at µ1 (with a total integrated

conductivity of σ1 and an effective carrier concentration of n1) and a mirror peak at

µ2=-µ1. The magnetoconductivity is then given by

�
XX
� �
���
� � s � �
	 d �

1 ��� 2 B2
� �

1

1 �
� 1
2 B2 �

�
2

1 �
� 2
2 B2

� �
1 � � 2

1 ��� 1
2 B2 6.12

�
XY
� �
���
� � � B s � ��	 d �

1 ��� 2 B2
� � 1 B � 1

1 �
� 1
2 B2 �

� 2 B � 2

1 �
� 2
2 B2

� � � 1 � � 2 	 � 1 B

1 ��� 1
2 B2 6.13

If n2 � n1 then the conductivity, and therefore the resistivity, reverts to the

single-carrier model. However, if n2 � n1 then the transverse component is reduced

greatly. Since the longitudinal component is always normalized to match the data at

zero field, the result of the mirror peak is to change the scale of σXY in relation to σXX

without changing its form. This suggests that the mirror peak is a consequence of

mis-match between the numerical values of the longitudinal and transverse elements of

the conductivity tensor. In the case of real data, this may arise due to mis-calibration

between the equipment that measures the longitudinal and transverse resistivities,

numerical errors when inverting this to generate the conductivity, or rounding errors

(data was exported as tab-separated text, with numbers in standard form to 6

significant figures). This latter applies even if the data is synthetically generated.
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In conclusion, the presence of mirror peaks is a sign of suspect data that must

be treated with care: calibration of experimental equipment and the methods in which

the data is processed should be checked.

6.4.3 Obtaining Semiconductor Properties from a Mobility Spectrum

Sheet Density and Mobility

Traditionally, the extraction of semiconductor properties from the

magnetoresistance is treated in terms of simple analytical functions such as are

described in section 4.1.2. The Hall sheet density, for example, is defined as:

nHall � 1
qRH

�
B � 0 � 6.14

where RH

�
B � 0 � is the Hall coefficient (Equation 4.14) at low magnetic field. It is

acknowledged that the Hall coefficient at low fields is at the mercy of

energy-dependent scattering within a carrier gas, or the presence of multiple carrier

gases with differing mobilities.24 In the limit of high magnetic field, however, the Hall

coefficient should reflect only the total number of carriers within the system (Equations

4.16 and 4.21):

���
n
�
� nDrift � 1

qRH

�
B ����� 6.15

The zero-field conductivity is 	 0 � nHall q 
 Hall � nDrift q 
 Drift and so the Hall and

drift mobilities can be found.

A mobility spectrum s
� 
�� generally comprises one or more peaks. The centre

of a peak i can be simply interpreted as the mobility µi of the carrier gas represented by

the peak, and the concentration of carriers within the gas ni can be found by integrating

over the peak:
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ni q � i ��� i � � s � ��� d � 6.16

with the normalization of the spectrum is such that � 0 ���
i
� i � �	 




s � ��� d � . The total

number of carriers found by this method is the drift concentration:

nDrift � �
i � ni � 6.17

And so the drift mobility is then:

� Drift � � 0

nDrift q
�
�

s � ��� d �
q � � ni �

6.18

However, since the Hall coefficient in the limit of zero magnetic field (from Equations

4.11 and 4.14, assuming � XY
2 � � XX

2  and � B � 1 ) is:

RH � B 
 0 � ��� 1
B
� XY

� 0
2 ��� 1

� 0
2

� � s � ��� d � 6.19

then the Hall concentration as defined in Equation 6.14 is found to be

nHall � � 0
2

q
� � s � ��� d � �

� �
s � ��� d ��� 2

q
� � s � ��� d � 6.20

The Hall mobility is then

� Hall ��� 0 RH � B 
 0 � � 1

� 0

� � s � ��� d � �
� � s � ��� d ��

s � ��� d � 6.21

135



Transport in Silicon-Germanium Heterostructures Daniel Chrastina

Hall Scattering Factor

The Hall scattering factor r is defined such that

RH � B � 0 � � 1
nHall q

� r

q � � ni � 6.22

which leads to:

r � nDrift

nHall

� q � � ni � � � s � ��� d �	 � s � �
� d � � 2 6.23

In fact, a scattering factor can now be defined for each peak in the spectrum by

limiting the integration to only the peak in question, rather than the whole spectrum:

r i � q ni( �peak

� s � �
� d � )( �peak

s � �
� d � )� 2

6.24

Using the definition of ni (Equation 6.16) this becomes:

r i � 1

ni q � i
2 


peak � s � �
� d � 6.25

Alternatively, since at high fields � XY
2 � � XX

2  and � B � 1 :

RH � B ��� � � 1
B � XY �

1
B[ � � B s � �
� d �

1 � � 2 B2 ]
� 1

� [ �
s � �
��

d � ]
� 1

6.26

from Equation 6.15 the drift concentration may be described as
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nDrift � 1
q

� s � ���
� d � 6.27

provided that s � � � 0 � � 0 , as it physically should be. The drift mobility is now

� Drift � q � � s � ��� d �	� ( � s � ���
� d � )


 1

6.28

and the Hall scattering factor is:

r ��� s 
 ���
� d � � � s 
 ��� d �� � s 
 ��� d � � 2 6.29

(The integrals in Equations 6.27, 6.28 and 6.29 may be performed over

individual peaks rather than the whole spectrum, as before.)

A Hall scattering factor greater than unity in a carrier gas is the result of

energy-dependent scattering mechanisms, and according to Equation 6.25 a peak at µi

will have r i greater than unity if � � s 
 ��� d ����� i � s 
 ��� d � . This will be the case

for a symmetric, broad peak in the mobility spectrum. In order for a peak to have a

Hall scattering factor less than unity, it is necessary for it to be asymmetric with most

of its weight towards the origin. However, anisotropy in the energy band which leads

to r � 1 is expected to produce "harmonics" in the mobility spectrum and Equation

6.25, which only considers a single peak, is not applicable.6

All of the significant peaks in the spectra shown Figures 6.5, 6.6 and 6.7 have a

scattering factor of unity; small peaks which are thought to be artefacts tend to have

unphysical values of r which are far from unity and sometimes even negative (and

divergent between values calculated from Equations 6.25 and 6.29). Experience

suggests that the shape of the peak in a mobility spectrum may owe as much to the

quality of the data as to the scattering processes and band shape of the material, so
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while the mobili ty of the 2DEG can be found despite parallel conduction in the dopant

slab, little can be said about the link between energy-dependent scattering and

mobili ty-dependent conductivity and therefore about the scattering mechanisms in

non-degenerate semiconductors.

6.5 Resistivity and Mobility as a Function of Temperature

Figure 6.10 shows how the resistivity of the n-type device varies as a function

of temperature at zero magnetic field, which should be compared with the variation of

mobili ty and sheet density shown in Figure 6.8. The resistivity at room temperature is

just over 60Ω/ � ; at first the resistivity decreases slightly as temperature decreases

from 300K, reaching a minimum around 200K, and then increases by almost an order

of magnitude in the region of TF to a peak at 30K. Resistivity then decreases to

saturation at just under 300Ω/ � as the temperature reaches 350mK. This data was

obtained using a drive current of 150nA: the behaviour of the resistivity as a function

of current at low temperatures is the subject of Figures 6.13 and 6.14 which are

discussed in the next section.

Information from the mobili ty spectrum analysis (Figure 6.8) of the previous

section suggests that the dominant contribution to the conductivity in this device is the

2DEG, even at high temperatures where the dopant slab has not frozen out.

There is a minimum in the resistivity at 160K which, since the sheet density is

only increasing slowly in this range, corresponds to a maximum in the mobili ty The

decrease in mobili ty with temperature from here to 300K can be ascribed to acoustic

phonon scattering: ��� T � � with ��� 1 .25 The room temperature value of the mobili ty

in the 2DEG is 4,500cm2V-1s-1 (better than the room temperature electron mobili ty of

bulk sili con of 1,400cm2V-1s-1)21 but the sheet density is unphysically high at

1.7×1013cm-2. The Hall scattering factor of the 2DEG (from Equations 6.25 and 6.29)

is 1.0, so nothing can be inferred regarding scattering mechanisms.26 Whilst some

variation of sheet density with temperature is to be expected,11 such a large variation
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may be a sign of a problem with the magnetoresistancedata, mobili ty spectrum theory,

or the computer code performing the calculation. These possibili ties will be discussed

in section 6.8.2.

The change in resistivity between 160K and 40K is associated with the change

in sheet density as the 2DEG becomes degenerate (and conduction in the dopant layer

freezes out). However, inspection of the mobili ty spectrum results in Figure 6.8 shows

how the mobili ty is at a minimum at 100K; the change in resistivity seen in Figure 6.10

appears to be, for temperatures between 100K and 160K, the result of changing

mobili ty with a roughly constant sheet density. As the temperature falls below 100K,

the mobili ty increases but the sheet density decreases such that the resistancevariation

is maintained: there is no significant feature visible in Figure 6.10 to mark the minimum

in mobili ty. This minimum in mobili ty may be a real physical effect due to the

temperature dependence of screening in the 2DEG,27 but is more likely to a sign that

some part of the experimental procedure is awry. The mobili ty should probably

continue monotonically decreasing as ��� T � 1 ; the mobili ty and the density of the

2DEG are overestimated whenever the density in the dopant layer is significant.

The low temperature behaviour of the resistance is the subject of Figure 6.11.

The mobili ty enhancement as the temperature decreases below 20K is most likely to be

a quantum transport effect: the carrier gas is fully degenerate and the phonon scattering

rate is very low.

There is little variation in the ~1K region and no suggestion that the resistivity

would tend to either zero or infinity at absolute zero. This can be compared with

Figure 5.31 and the analysis in Section 5.5.3: ρ(T) in a 2DHG with a sheet density of

1.07×1012cm-2 also decreases as temperature decreases below 20K, reaching a

minimum and then increasing slowly and saturating.
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Figure 6.11 Calculated and measured resistivity as a function of temperature,
to be compared with similar results in the previous chapter. Fitting parameters
are given in the text.
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Equation 5.15 was introduced to fit the ρ(T) data shown in Figure 5.31: the

results of fitting Equation 5.15 to the data in Figure 6.11 with n fixed at unity are

ρ0=116±1Ω/ � , ρc=179±1Ω/ � , ρl=164±2Ω/ � , T0=4.91±0.04K and τ=1.65±0.04ps.

This scattering rate corresponds to a mobili ty of 15,000cm2V-1s-1 which is close to the

value of the mobili ty of the 2DEG at the peak in resistivity at 30K. Whether these

fitting parameters relate to those shown in Figure 5.32 for a 2DHG is a subject for

debate and investigation: the values of T0 and τ from this 2DEG (at a density of

0.90×1012cm-2) would not look out of placein the lower panel of Figure 5.32, but the

resistivity parameters are clearly at least an order of magnitude smaller. Further

discussion is presented in the conclusions of this chapter, section 6.8.2.

The low temperature maximum value of the mobili ty is 23,000cm2V-1s-1 at a

sheet density of 9.0×1011cm-2. This is typical for n-type strained sili con, not

superlative.25,28 Possible low-temperature mobili ty limiting mechanisms are discussed

throughout the remainder of this chapter.

6.6 Quantum Hall Effect

6.6.1 Shubnikov-de Haas

Figure 6.12 shows a set of Shubnikov-de Haas oscill ations at various

temperatures, using a current of 150nA. For comparison, two additional results are

shown at 350mK with different currents. Since the amplitude of Shubnikov-de Haas

oscill ations is the same at 150nA (black solid line) as at 30nA (black dotted line), there

is no heating effect at 150nA. A current of 5µA (blue dotted line) heats the electron

gas to over 2K. Using Equation 4.27 to extract the sheet density from the period of the

oscill ations in inverse magnetic field gives a result of 4.7×1011cm-2 which is half the true

value, found from the classical magnetoresistance, due to unresolved valley

degeneracy.

A set of oscill ations at 350mK at various currents is shown in Figure 6.13.
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Figure 6.12 Shubnikov-de Haas oscillations as a function of temperature, at a
current of 150nA. For comparison, two results at 350mK using different
currents are shown. The sheet density found from the period of the
oscillations in inverse magnetic field is 4.7×1011cm-2, which must be multiplied
by two because of valley degeneracy. Spin degeneracy also applies at these
field values, which is why the minima are at filling factors that are multiples of
four. (See Section 4.1.3 and Figure 4.2)
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Figure 6.13 Shubnikov-de Haas oscillations as a function of current, at a
temperature of 350mK. The zero-field value of the resistivity as a function of
current is shown in Figure 6.14; the important notion here is that the
amplitude of the oscillation is related to the temperature of the carrier gas
(Equations 4.24 and 4.25) and there is no major decay in amplitude until the
current reaches 1µA.
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There is a large y-axis offset between the 3nA and the 150nA data, but no major

reduction in the amplitudes of the oscill ations until the current reaches 1µA. The

oscill ation amplitude as a function of current can be compared with the oscill ation

amplitude as a function of temperature to estimate the effective electron temperature as

a function of current at a lattice temperature Tl of 350mK: at 1µA, Te~1.2K and at

5µA, Te~2.3K. The energy lossrate per electron as a function of electron temperature

can be calculated:29

〈 dE
dt 〉 �

kB

�
T e � T l ��

e
�

�
XX I 2

l2 nS

6.30

From this, the energy relaxation time τε and thence electron-phonon interaction

strength can be found.25,29,30,31,32 Though this will not be pursued here, the energy

relaxation time is relevant to the breakdown of the Quantum Hall state investigated in

section 6.6.2. The data of Figure 6.13 reassures us that electron heating has not

affected the Shubnikov-de Haas oscill ation amplitudes in Figure 6.12.

The zero-field value of the resistivity as a function of current is plotted in

Figure 6.14, which should be compared with Figure 6.11. Even though the resistivity

seems lower at lower currents (which might suggest a heating effect) the fact that the

variation in resistivity with temperature at these lower currents matches that shown in

Figure 6.11 refutes this; the effect is more likely due to the difficulties with measuring

such small signals. There is no variation of the low-field Hall coefficient with current.

The effective mass found from the temperature decay of the

Shubnikov-de Haas oscill ations in Figure 6.12 (using the method described in Section

4.1.3, particularly Equations 4.28 to 4.30) is 0.2me which is in agreement with the

value of 0.199me from the calculations in Reference 3, presented in Section 6.3. The

ratio of transport and quantum lifetimes, α, is 3.1.
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Figure 6.14 The zero-field value of the resistivity as a function of current.
When compared to Figure 6.11 it is clear that the forms for the current and
temperature dependent resistivity do not obviously map to each other.
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In p-type sili con-germanium where interface impurities limit the mobili ty

(commonly to around an order of magnitude lessthan the mobili ty of this 2DEG at a

comparable sheet density, as seen in Chapter 5) the value of α tends to be around

unity, indicating that scattering is short-range.33 In heterostructures where the

heterointerfaceis of very high quality and mobili ties are over an order of magnitude

higher than the mobili ty of this 2DEG, the value of α can be much larger: this indicates

that most of the scattering in the system is small-angle, caused by ionized impurities

which are remote from the 2DEG.33 α values of up to 20 have been reported in very

high mobili ty n-type sili con-germanium systems,34,35 comparable to that seen in

high-quality heterostructures fabricated from other materials.36

This value of α of 3.1, then, intuitively indicates a system where impurities both

at and remote from the interfaceinfluence the mobili ty. Calculations in Reference 35

suggest that for a spacer of 15nm between the dopant slab and the active channel the

value of α should be over 10 if interfaceimpurities and roughnessare ignored, which

supports this conclusion. Calculations of the temperature dependence of the mobili ty,

also from Reference 35, show that mobili ty increases slowly with decreasing

temperature in the presence of interfaceimpurities but that interfaceroughnesscauses

the mobili ty to decrease with decreasing temperature. Figure 6.8 shows that therefore,

interface impurities are limiting the mobili ty at low temperatures in this system.

Figure 6.15 (repeated from Figure 4.2) shows magnetoresistance data at

350mK up to 11T, which reaches a dissipationless state at the ν=4 quantum Hall

plateau. A full discussion is presented in Section 4.1.3. At around 3T the

Shubnikov-de Haas oscill ations with minima at ν=4n begin to break down. A minimum

appears at ν=10 as valley degeneracy is lifted, and a minimum appears at ν=5 as spin

degeneracy is lifted.
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Figure 6.15 Shubnikov-de Haas and Quantum Hall Effects at a temperature of
350mK. The dotted line is the transverse resistivity and is associated with the
y-axis on the right. Minima in resistivity are labelled with their corresponding
filling factors. Conduction is dissipationless at ν=4. The feature at ν=5
corresponds to valley splitting, that at ν=10 corresponds to spin splitting.
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6.6.2 IV at a Quantum Hall plateaux

In Figure 6.16, data are presented which explore the current-voltage

characteristics of the quantum Hall plateau state at 350mK, around the filli ng factor of

4.The dissipationless conduction ( � XX � 0 ) makes this seem superficially similar to a

superconducting state (in fact, there are similarities with the phase diagram of a Type II

superconductor)37,38 but sincethe transverse element of the resistivity tensor has a finite

value, � XY � h � � � e2 � , then � XX � 0 also. At the centre of this region, the

dissipationlessconduction breaks down at a critical current of around 3µA (the device

is 1.75µm wide so the current density is 1.7Am-1). For the highest filli ng factor shown,

where the behaviour is almost Ohmic, the resistivity is around 500Ω/ � .

The general characteristics and breakdown of the (integer) Quantum Hall Effect

have been studied (mainly in n-type galli um arsenide and related systems) since it is

exploited as quantum standard of resistance for use in metrology, and is also a system

in which quantum phase transitions and interactions can be explored.39,40,41,42,43,44,45

In Reference43, the breakdown current density in n-type GaAs/AlGaAs at ν=2

is around 0.5Am-1 (a current of 210µA with through a Hall bar of width 0.4mm).

Reference 42 finds that at ν=4 the breakdown current density is 1.7Am-1 (60µA

through 35µm) decreasing to half this at ν=3.9 and ν=4.1. (Reference45 finds that the

breakdown current density in an InAs/GaSb crossed-gap electron-hole system is

smaller by three orders of magnitude). The breakdown current decreases with filli ng

factor and temperature in a manner similar to the phenomenological Gorter-Casimir

two-fluid model for superconductivity.37,38

There is no clear consensus on the mechanism for the breakdown of the

Quantum Hall Effect. Indeed, it may be the case that there are two or more unrelated

mechanisms.39,40,43 Breakdown can occur as a sequence of regular steps in longitudinal

voltage, with heights of a few milli volts, and this has been linked to tunnelli ng between

Landau level edge states.43 No such steps were observed in this system.
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Figure 6.16 IV data taken close to the dissipationless state at the ν=4
quantum Hall plateau. At ν=4 itself, there is essentially no voltage drop (that
is discernable above the noise floor) along the sample until a critical current
of 3µA is applied. At higher filling factors (lower fields) there are decreasing
deviations from perfect Ohmic behaviour.
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A "bootstrap" self-heating mechanism is proposed in Reference 40, where the Quantum

Hall Effect undergoes avalanche breakdown when the transverse electric field reaches a

critical value of Eb �
2

�

m* �
e

B . Using (from section 4.1.3) � XY �
V XY

I �
E y w

I �
h

� e2

and nS � � B � h  the breakdown current density is:

I b

w � nS e
2

�

m* �
e

6.31

The energy relaxation time τe (Equation 6.30, found by comparing the

temperature and current dependence of the amplitude of Shubnikov-de Haas

oscill ations in Figures 6.12 and 6.13) is ~10-8s so the breakdown current density is

estimated to be 0.5Am-1. To obtain the measured value of 1.7Am-1 τe would need to be

less than 10-9s. Nevertheless, this agreement is good and may be improved by more

rigorous determination of τe.

6.7 The Effects of Infra-Red Radiation

6.7.1 Shubnikov-de Haas

Figure 6.17 demonstrates the effect of ill uminating the sample with a

galli um-arsenide infra-red light emitting diode at 350mK. It can be seen that the

ill umination increases the resistance at zero field, and changes the Hall coefficient and

the period of the oscill ations. The amplitude of the oscill ations does not decrease,

showing that there are no heating effects. The ratio of quantum and transport lifetimes,

α, is 3.6 during the ill umination (slightly larger than before) and the changes in sheet

carrier concentration are summarized in Table 6.1. While the sample is being

ill uminated, carriers appear to be driven out of the conducting channel. Following

ill umination some, but not all, return. The mobili ty appears to change in line with the

density.
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Figure 6.17 Magnetoresistance results at 350mK, showing the effects of
illumination by infra-red radiation.
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The low-field magnetoresistance (before oscillations begin: high-field

magnetoresistance can not be used to explore the mobility spectrum in the presence of

Landau levels) does not suggest that any parallel conduction channels are formed by

the action of the light: even though the zero-field value of the resistivity is changed, the

form of the magnetoresistance is identical. Parallel conduction would be apparent as a

change in the gradient of ρXX(B) with magnetic field, as can be seen in Figure 4.1.

Sheet Density / 1011cm-2 Hall Shubnikov-de Haas

Before: 8.8 9.4

During: 8.0 7.6

After: 8.5 8.8

Table 6.1 A summary of the changes in carrier concentration in response to
infra-red light, from Figure 6.17. The Hall results are calculated from the
gradient of ρXY(B) using Equation 4.7 and the Shubnikov-de Haas results are
calculated from the period of the oscillations of ρXX(B) in inverse magnetic
field using Equation 4.27, including a factor of 2 for valley degeneracy.

6.7.2 Resistance as a Function of Temperature

Two results are presented in Figure 6.18: the continuous set shows how the

resistivity varies with temperature for the device under illumination compared to the

device in the dark, as it was cooled. The points joined by lines were taken at stable

temperatures, with the device subjected to periods of illumination to observe how its

resistivity changed with time. The transient at the beginning of the period of

illumination was always very sharp, but the fall-off at the cessation of illumination

showed a finite decay time, particularly at low temperatures. As Figure 6.19 shows, at

4.2K a decay time of the order of 100 seconds was identified, this falls rapidly to the

order of 10 seconds at 10K and then becomes too short to discern behind the 3 second

time constant of the measuring equipment. The energy involved is therefore roughly the

value of kBT at 10K, ~1meV.

At temperatures less than 10K, the irradiation simply increases the resistivity of

the device by reducing both the sheet carrier concentration and the mobility.
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Figure 6.18 The resistivity as a function of temperature, demonstrating the
effects of infra-red radiation. The continuous traces were taken by cooling the
device under constant (illuminated or dark) conditions; the points joined by
lines show results taken at stabilized temperature values with intermittent
illumination.
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Figure 6.19 The resistivity as a function of time, demonstrating the effects of
infra-red radiation. At time zero, illumination ceases, and the value of
resistivity decays back to its dark value. At 4.2K, the decay is much more
persistent than at 10K.
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Since there is no evidence from the magnetoresistance for the formation of a parallel

conduction channel of a mobility comparable to that of the 2DEG, and such a channel

would tend to decrease the resistivity of the whole device, then the simplest

interpretation is that the radiation causes 10% of the carriers to become unavailable for

transport. The energy from the radiation clearly perturbs the equilibrium position

(which then takes of the order of at least a few hundred seconds to become

re-established) so it is possible that carriers are caused to move out of the quantum

well and into the alloy spacer layer, where they are drawn towards ionized donor

atoms. Upon cessation of the radiation, equilibrium is re-established.

The associated slight reduction in screening may be the cause of the increase in

scattering rate. The slight increase in α suggests that the screening effects are more

effective for the remote impurities than the local (interface) impurities, since large α

values suggest remote impurity scattering, whereas α ~1 is characteristic of scattering

from impurities at the heterointerface where the 2DCG is defined.

Above 20K, the radiation tends to reduce the resistivity. The sharp fall-off

which begins at around 40K parallels that which occurs in the device, in the dark,

around the Fermi temperature; this is consistent with the reduction in the 2DEG carrier

concentration and the consequent reduction in TF.

The region between 15K and 40K is more interesting, showing what appear to

be local minima and maxima in resistivity, and may be worthy of more investigation,

particularly since the formation of Landau levels will be suppressed at this temperature

so that mobility spectrum analysis may discover a low-mobility parallel conduction

channel. At room temperature, there is no noticeable response to illumination.
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6.8 Conclusion

6.8.1 Mobility and Resistivity

The mobili ty of the electrons in the 2DEG of this n-channel device is

understandably superior to that of the holes in the p-channel devices discussed in the

previous chapter. At room temperature, their mobili ty is also superior to the electrons

in an n-channel MOSFET or indeed in bulk sili con, according to both low-field Hall

effect and mobili ty spectrum analysis.

Since the effective mass difference alone cannot account for this (that of the

electrons here is 0.2me whereas the holes in the previous chapter were found to have an

effective mass of around 0.3me) the scattering time must be mainly responsible.

The low resistivity of the device at low temperatures leads (via Equation 5.1) to

a very high kFl value of almost 100, which (via Equation 5.2) suggests a dephasing time

at 1K of over 100ps. The low-field magnetoresistanceat very low temperatures shows

no evidence for weak-localization (as seen in Figure 5.10) which suggests that ������� .

An elastic scattering time as long as this could only be the result of an

extremely low impurity density in the active channel, and a very smooth interface,

compared to characteristic p-channel devices. This is backed-up by the ratio of

quantum and transport lifetimes found from the field dependence of the amplitudes of

the Shubnikov-de Haas oscill ations being larger than one. Also, the fact that when

infra-red radiation is used to reduce the sheet carrier density the mobili ty also

decreases, suggests that the mobili ty is limited by screened interfaceimpurities rather

than by interface roughness.

The high quality of the interfacemay be due to the normal structure of the

device, with the dopant slab grown after the active channel and therefore with lesstime

to diffuse into it compared to inverted structures. However, a gated HMOS device

would either be inverted or not be modulation doped at all.
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The form of the resistivity at low temperature, shown in Figure 6.11, is similar

to the result in Figure 5.31 for the Siemens device at a sheet density of 1.1×1012cm-2

(which is the closest sheet density to the 2DEG). There is a weak minimum in

resistivity at 2K but as temperature continues to decrease the resistivity appears to be

saturating. Equation 5.15 has been fit to the data, but with n=1. Much more work

would be necessary to establish any physical justification for the applicabili ty of

Equation 5.15 to the data in Figure 6.11.

6.8.2 Mobility Spectrum Analysis

Methodology

Mobili ty spectrum analysis is a general technique that should be applicable to

any system where the mobili ty of the charge carriers is not a function of magnetic field.

The lower limit of mobili ty than can be reliably found is roughly the reciprocal of the

maximum magnetic field that the data extends to; the upper limit is the reciprocal of the

spacing between the data points in inverse magnetic field.

In semiconducting samples and cryomagnetic systems, the upper limit is

practically set so that the resulting mobili ty spectrum is detailed enough in the region

where carriers are expected to be found but does not waste points elsewhere.

However, the lower limit is often a serious issue. Hence, this analysis method is much

easier to test on an n-channel device such as this, compared to a p-channel device

which may have a mobili ty smaller by a factor of 5 or 10.

Many mobili ty spectrum analysis methods do not respond well to large numbers

of data points (requiring human choices of which data points to keep and which to

discard) or employ tricks, assumptions, interpolations or extrapolations in order to

recondition the data or guide the solution. A new method is presented here (Bryan's

Algorithm Mobili ty Spectrum: BAMS) which uses singular value decomposition to

remove noise and overspecification from the data set and the principles of Bayesian

inference and Bryan's-algorithm maximum entropy to find a mobili ty spectrum. (It is

157



Transport in Silicon-Germanium Heterostructures Daniel Chrastina

quite distinct from the maximum entropy mobili ty spectrum method in Reference 11).

Singular value decomposition carries out two essential task: firstly, by

removing overspecification from the data (that is, by finding lines within the matrix

which are linear combinations of each other) the basis spacewhich must be searched

for a solution is reduced dramatically. Secondly, by discarding elements of the matrix

which are smaller than the noise floor, the inversion is protected against the tendency

to fit very well to features of the data which are noise at the expense of the underlying,

physical data.

The maximum entropy method also performs two functions. Firstly, since the

use of a default model allows information about the expected solution to be added in,

setting a positive and normalizable default model which has a constant value acrossthe

whole spectrum ensures (due to the logarithmic form of the entropic regularization)

that the resulting mobili ty spectrum will be positive and normalizable. Secondly, the

hyper-parameter α nominates the relative importance of a very good least -squares fit to

the data versus a physically reasonable spectrum which contains as much information

as it is reasonable to extract from the data without introducing spurious artefacts.

Bryan's algorithm chooses solutions which are the most probable regarding the

value of the hyper-parameter, and the refinement of this method by Hague (use of a

solution as the default model to find a better solution) ensures that the final value of the

hyper-parameter is well within the bounds of the applicabili ty of Bryan's algorithm.

One drawback with the maximum entropy technique is that it is very important

to have an accurate estimation of the error in the experimental data. Tests with

synthetic data, however, lead to the conclusion that overestimation of the error acts on

the solution in an intuitive way, broadening peaks and washing out fine detail;

underestimation of the error leads to solutions which can be rejected due to their

obvious unphysicality. Whilst this is clearly not satisfactory (we would like to always

achieve the best result possible and trust what we find) there has been no cause to

worry that results which appear physical but are wrong are likely to be produced by
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mistakenly assuming a certain error level. A more analytical treatment of the level of

error is an important line for further work, but the human process of rejecting data

which is errant because of equipment mis-calibrations or failures will always be

necessary.

Methods of obtaining classically measured quantities from a mobili ty spectrum

have been described, and although mobili ty spectra are rarely of such good resolution

that the Hall scattering factor can be unambiguously found, these analyses at least

provide a check for unphysicality. It has been argued that a common feature in mobili ty

spectra, the "mirror peak," is an artefact due to discrepancy between the relative values

of the longitudinal and transverse values of the conductivity tensor.

Results

The results produced by the mobili ty spectrum analysis, shown is Figures 6.5 to

6.10, are feasible at low temperature but seem to become anomalous as temperature

increases. The low temperature 2DEG sheet density agrees with calculations (see

section 6.3) but the room temperature sheet density (nearly 20 times greater than this)

is not supported by simulation of the band profile using a numerical solution of the

Poisson equation. In fact, the room temperature 2DEG density should be much closer

to its low temperature density.11 However, to maintain the same conductivity at such a

density would require ridiculously high mobili ty.

The sheet density of the dopant layer was found to reach 1.5×1013cm-2 at room

temperature. Since the doping slab is 30nm thick, this corresponds to an average

carrier concentration of 5×1018cm-3 and this value is typical for the donor

concentration in modulation doping. However, the mobilit y of the dopant layer was

found to be 1000cm2V-1s-1 meaning that overall its resistance was 400Ω/
�

. For a

30nm thick layer, this corresponds to a resistivity of 10-3Ωcm. To achieve such low

resistivities the donor concentration must be almost 1020cm-3 since the mobilit y of a

doped semiconductor generally decreases with the doping dose.20,21,46 In other words,

the mobilit y of the dopant layer returned by this mobilit y spectrum analysis is
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probably too high.

However, to ascribe lessof the device's conduction at room temperature to the

dopant layer (by reducing its mobilit y without increasing its sheet density) means that

either the mobilit y or density of the 2DEG must be increased and these two

parameters are already worryingly large. According to BAMS there are no other

conducting channels within the range |µ|� 10m2V-1s-1.

Other established analyses yield similar results for mobili ty and sheet density of

the 2DEG and dopant layer; BAMS analysis of other magnetoresistance data from

p-channel systems yields more reasonable results, with the 2DHG density varying by

less than 20% between 50K and 300K. This means that it is unlikely that there is a

problem with the BAMS code. Also, even though mobili ty spectrum theory is possibly

not as useful in a quantitative way as was originally hoped6 (sinceit says little about the

energy dependence of the relaxation time) it has proved its worth in a qualitative or

semi-quantitative way, finding feasible mobili ty and sheet density results in many cases.

The issue seems to be that the room temperature resistanceof the deviceis only

70Ω/ � , and the only way in which the resistance can be so low is for there to be a

large number of mobile carriers. Since the low temperature results are feasible it is

unlikely that the measurement system itself is at fault, and so there is no reason to

suspect that the observed drop in resistance of almost an order of magnitude between

30K and 100K is real. Also, BAMS tends to reject unphysical data outright, without

returning any solution.

There may be, then, bulk conduction throughout much of the substrate through

current paths which undermine the simple conversion of VXX and VXY to elements of

the resistivity tensor of the device.

As for finding the energy dependence of the scattering time, more directly

related to the scattering mechanisms limiting transport than the mobili ty on its own, a

method based on the sheet density and/or temperature dependence of the mobili ty
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(obtained by BAMS if necessary) may probably be more promising than attempting to

analyze the mobili ty spectrum peak shape.

6.8.3 Other Results

The IV characteristics of a dissipationless � XX ��� XX � 0 quantum Hall state

have been briefly investigated. At exactly � � 4 the dissipationlessstate breaks down

at a current of 3µA; as ν is increased linear Ohmic behaviour is eventually recovered.

The response of the device to infra-red radiation is also explored: at very low

temperatures the free carrier density is reduced, the mobili ty drops, and α increases.

This correspondence is seen as evidence that it is screened interface and remote

impurities that limit the mobili ty, not interface roughness.
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